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Motivation

• Main objective: Predict and control com-
plex systems behaviours

• Considered approach: Cellular Automata

• Studied concepts: Spreadability, Vulnera-
bility, Protector Control.

• Particular task: Possibility of protecting a
given vulnerable area.

Cellular automata approach
A cellular automaton (CA) A = (L,S, N, f) is
given by

• a lattice L : a regular grid of cells,

• a finite set of states S ,

• a finite neighborhood N (c) of size n,

• a set of local transition rules which up-
date the state of cell c according to the
state of its neighborhood N(c).

f : SN(c) −→ S
st(N(c)) −→ st+1(c)

Spreadability and vulnerability
Let P be a given property specifying the spa-

tial disturbance defined on the CA state.

Consider the set : ωti = {c ∈ L| Psti (c)}

Let σ be a nonempty subset of L consisting of
nσ cells.
Definition 1

• P is spreadable from ωt0 if:
ωti ⊂ ωti+1

(1)

• σ is P-vulnerable if :
∃ti ∈ ]t0, tN [ : σ ∩ ωti 6= ∅ (2)

Denote by τtN = ∪
ti∈]t0,tN [

ωti the trajectory of P .

Proposition 1

• σ is vulnerable if and only if:
σ ∩ τtN 6= ∅ (3)

Protector control

• Autonomous system : A =(L, N,S, f)
• Disturbed system : Ap=(L, N,Sp, fp)
• Disturbed-Controlled system :
Apu=((L,Spu, N, fp) , u)

σ ⊂ L is vulnerable  ∀c ∈ σ, ∃ts ∈
]t0, tN [, ∀ts > ti : sts(c) 6= s

p,0
ts

(c)

Considered control: Let u, applied in Lu ⊂ L
(control set) to protect σ :

s
p,u
ti+1

(c) =: fpu
(
s
p,u
ti

(N (c))
)

= fp

(
s
0,u
ti

(N (c) , uti(v(c)))
)

= fp

(
s
0,u
ti

(N (c))
)
⊕XLu

uti (c)

Denote by τutN the controled trajectory of P .

Definition 2

• σ is exactly protectable during ]t0, tN [ if :
∃u | ∀ts > ti, ∀c ∈ σ , sti(c) = s

p,u
ti

(c) (4)

• σ is weakly protectable if:

∃u | ∀ε > 0 :
Card

(
σ ∩ τutN

)

Card (σ)
≤ ε (5)

Proposition 2

• σ is protectable, if: ∃u | τutN ∩ σ = ∅ (6)

Case study : Forest fire dynamics
Disturbed system: CA with Fire

The states set Sp = {0, 1, 2, 3, 4} :

or or State 0 : No fire (just vegetation)

State 1 : Excited with fire

State 2 : Fire

State 3 : Ash

State 4 : Empty cell (nothing at all)

The transition rules fp:

Controlled CA

Control effect u  ∀cij ∈ Lu , ∀ti ∈
I , uti (cij) = u, where u is the performed ac-
tion to stop the fire spread toward the region σ.

Control protector approch
Approche

• Stop the disturbance spread, we ensure
the desired state, which is manifested in
the elimination of the perturbation.

• Change the disturbance trajectory which
targets vulnerable areasin order to protect
it.

Problem 1 Find τ
p,u
TN

with aim : τp,uTN

∩ σ = φ

considered control:

• Passive control: impliment an action sup-
port Lu ⊂ L of the control before the dis-
turbance launch, by knowing the vulner-
able zones σ to be proteced, and by antic-
ipating appropriate measures in advance.

• Dynamic control : the implementation of
action support is performed during the
disturbance spread.

Simulation results

Passive control
- Barrier firebreak intended to slow or block the
fire,
- Road networks facilitating the movement of
firefighters, emergency personnel maintenance
or monitoring, etc. Figure 1: Passive control using firewall trenches
———————————————————————————————————————————-
Dynamic control

- Firefighters Shifting,
- Reinforcement by the FRA of the Canadian air-
craft fleet "Amphibious" aircraft with a capacity
of 6 tons.

Figure 2: Effective Dynamic Control

Figure 3: Inefficient dynamic control

Figure 4: Effective Dynamic Protector Control

The simulations illustrate the possibility of controling the fire in Fig. 1 Fig. 2 otherwise ( Fig. 3 case
) protecting a given region against the fire spread with a ’good’ choice of the domain Lu in Fig. 3.

Work in progress

Theoretical questions :

• Characterize the optimal protector control,

• The observation and the control implemen-
tation delay,

• The stochastic CA.

Practical questions :

• Control implementation in a real case using
satellite Images [2],

• Improve the developped simulator,

• 3D visualisation.

References

[1] O. Jellouli, A. Bernoussi, M. Amharref, S. El Yacoubi, Vulnerability and Protector Control: Cellular Automata Approach,
Cellular Automata, pp. 218-227. Springer International Publishing, (2014).

[2] O. Jellouli, A. Bernoussi, M. Maâtouk, M. Amharref, Forest fire modelling using cellulat automata: Application to the water-
shed Oued Laou (Morocco), Mathematical and Computer Modelling of Dynamical Systems 22.5 (2016): 493-507.

[3] O. Jellouli, A. Bernoussi, M. Amharref, M. Ouardouz, Modeling of Wind Flow and Its Impact on Forest Fire Spread: Cellu-
lar Automata Approach, International Conference on Cellular Automata, pp. 269-279. Springer International Publishing,
(2016).

Acknowledgment
This work is carried out within the framework of the project PPR2/2016/79, OGI-Env, Supported by MENFPESRS, CNRST

and the International Network Theory of Systems (TDS) supported by the Hassan II Academy of Sciences and Techniques.



Modeling of viscoelastic waves with fractional

derivatives

M. Ait Ichou1,2, H. El Amri1 and A. Ezziani2

1 Laboratoire LMA ENS-Casablanca Hassan II University of Casablanca
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APPLICATIONS

Seismic Geophysics, Medical imaging, Undersea and Underground and Modeling of polymers...

OBJECTIVES

Powerful numerical methods:
Realistic, Fast, Precise and Robust

MATHEMATICAL ANALYSIS

Model problem

We consider a class of generalized fractional Zener model in d dimension for waves propagation in
dissipative media. Our goal is to determine the displacement u and the stress tensor σ which verify :





ρ(x)
∂2u

∂t2
(x, t)− div σ(x, t) = f, inR

d × ]0, T [ ,

σ(x, t) + τ0(x)
∂ασ

∂tα
(x, t) = C(x)ε(u(x, t)) + τ0(x)D(x)ε(

∂αu

∂tα
(x, t)), inR

d × ]0, T [ ,

u(x, 0) = u0,
∂u

∂t
(x, 0) = u1, σ(x, 0) = σ0, inR

d.

(1)

Where div is the divergence operator, ε the strain tensor, f is the source density, ρ are physical param-
eters and τ0 is relaxation times, C and D two tensors of order 4 symmetric, positive definite.

•Dα
t =

∂α

∂tα
is the fractional derivative of order α:

Dα
t g(t) =

1

Γ(1− α)

∫ t

0

1

(t− τ )α
∂g

∂τ
(τ )dτ, α ∈]0, 1[,

where Γ is the function gamma, defined by :

Γ(x) =

∫ +∞

0
tx−1e−t dt.

Existence and uniqueness of the strong solution

To show the existence and uniqueness of the strong solution, we use the Hille-Yosida theory. To use
this theorem, we must transform the model problem (1) in the form of a first order evolution system,
for this reason we introduce the following auxiliary differential equation:





∂ϕ

∂t
(x, t, ξ) = −ξϕ(x, t, ξ) + s(x, t), inR

d × ]0, T [× [0,+∞[ ,

ϕ(x, 0, ξ) = 0, inR
d × [0,+∞[ .

We consider the functional spaces:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Lsym(Rd) = {σ ∈ L(Rd)/σij = σji ∀i, j = 1, ..., d},

L2(Rd,Lsym(Rd)) =

{
σ : Rd 7→ Lsym(Rd)/

∫

Rd
|σ|2dx < ∞

}
,

Hsym(div;Rd) =
{
σ ∈ L2(Rd,Lsym(Rd))/divσ ∈ [L2(Rd)]d

}
,

H
sym
α = L2(R+, dMα(ξ)),

Ṽ
sym
α = L2(R+, ξdMα(ξ)).

With dMα(ξ) =
sin(απ)

π
ξ−α dξ.

Theorem

For all initial conditions (u0, u1, σ0) ∈ [H2(Rd)]d × [H1(Rd)]d × Hsym(div;Rd) and
all f ∈ C1(0, T ; [L2(Rd)]d), there exists a unique solution (u, σ) of the problem (1)
which satisfies:

{
u ∈ C0(0, T ; [H2(Rd)]d) ∩ C1(0, T ; [H1(Rd)]d) ∩ C2(0, T ; [L2(Rd)]d),

σ ∈ C0(0, T ;Hsym(div;Rd)) ∩ C1(0, T ;L2(Rd,Lsym(Rd))).

Energy decay result

In order to show that our model is dissipative, we point decreasing quantity that will be called energy
of the model. Let (u, σ) be the strong solution of the problem (1). We define the energy of (u, σ) at
time t:

E(t) =
1

2

(∥∥∥∥
∂u

∂t

∥∥∥∥
2

ρ
+ ‖ε(u)‖2C + ‖s‖2Z−1 +

∫

Rd
Z̃−1‖ϕ‖2

Ṽ sym
α

)
.

• s = σ − Cε(u).

•Z = D − C is positive definite.

• Z̃ = Zτ0.

Theorem

The energy E(t) associated to the model problem ( 1 ) satisfies this iden-
tity:

dE(t)

dt
=

(
f,

∂u

∂t

)
−

∫

Rd
Z̃−1 ‖

∂ϕ

∂t
‖2Hsym

α
dx.

The energy decreases in the absence of a source term (f = 0).

NUMERICAL ANALYSIS

In this part, we present a numerical analysis of homogeneous problem in 1D case:




ρ
∂2u

∂t2
(x, t)−

∂σ

∂x
(x, t) = f (x, t), in ]0, 1[× ]0, T [ ,

τ0
∂s

∂t
(x, t) +

∫ +∞
0 (s− ξϕ) dMα(ξ) = µ(τ1 − τ0)

∂2u

∂x∂t
, in ]0, 1[× ]0, T [× [0,+∞[ ,

∂ϕ

∂t
(x, t, ξ) = −ξϕ(x, t, ξ) + s(x, t, ξ), in ]0, 1[× ]0, T [× [0,+∞[ ,

σ(x, t) = s + µ
∂u

∂x
, in ]0, 1[× ]0, T [ ,

u(x, 0) = u0,
∂u

∂t
= u1, σ(x, 0) = σ0, ϕ(x, 0, ξ) = 0, in ]0, 1[× [0,+∞[ ,

u(0, t) = u(1, t) = 0, in ]0, T [.

Where µ and ρ are physical parameters and τ0 and τ1 are relaxation times.
For the numerical approximation of the model problem, we use a totally explicit centered finite differ-
ence scheme of order 2.



un+1i =
∆t2

ρ


fni + µ

uni+1 − 2uni + uni−1

h2
+
sn
1+1

2

− sn
1−1

2

h


 + 2uni − un−1

i ,

sn+1
i+1

2

=
∆t

τ0 + λ∆t

(
µ(τ1 − τ0)

h

[
un+1i+1 − uni+1

∆t
−

un+1i − uni
∆t

]
+
∑Nxi

j=1w̃jϕ
n
i+1

2
,j
+

)
−

λ∆t− τ0
λ∆t + τ0

sn
i+1

2

,

ϕn+1
i+1

2
,j
=

2− ξj∆t

2 + ξj∆t
ϕn
i+1

2
,j
+

∆t

2 + ξj∆t
(sn+1
i+1

2

+ sn
i+1

2

),

(2)

with wj =
sin(απ)

π
ξ−α
j ∆ξ, ∀j = 2, ..., Nx − 1. w̃j = ξjwj

2

2 + ξj∆t
and λ =

∑Nξ

j=1

wj

2 + ξj∆t
.

Theorem

The numerical scheme (2) is L2 stable if, and only if,

∆t ≤ h

(
c

√
τ1
τ0

)−1

, c =
√
µ/ρ.

NUMERICAL RESULTS

The domain of computation is the unit segment ]0, 1[. The exact solution (u, σ) of the problem is com-
puted by the method of separation of variables.
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On the right: The numerical solution for different values of α

On the left: The numerical solution and the exact solution for α = 1/2

CONCLUSION AND PERSPECTIVES

• Realistic model with fractional derivative

• Energy decay and existence and uniqueness of strong solution

• A stable explicit scheme

• The study is extended to 2D and 3D cases.

REFERENCES

[1] R. L. BAGELY AND P. J. TORVIC, A therotical basis for the application of fractional calculus to viscoelas-
ticity, Journal of Rheology, 27(1983): 201–210.
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Motivation

Figure 1: Phénomènes rares sont fréquents

• Suivre l’évolution de l’érosion.

• Prédir et protéger les zones vulnérables.

• Cadre: théorie des systèmes.

• Approche: automates cellulaires.

Formulation du problème

Figure 2: Manifestation physique de l’érosion

• Erosion: détachement, transport, dépôt.

• Variation: fonction du cycle de l’eau.

– perte en sol: précipitation,

– gain en sol: évaporation.

• Facteurs: milieu physique et climat.

Approche du problème (XCAEDYM)

Figure 3: Principe générale de l’approche proposée

Figure 4: Projection de terrain en un maillage bidimensionnel de cellules hexagonales

Figure 5: Profil de sol suivant l’axe des z pour une cellule

Conclusion et perspectives

• Description des processus de l’érosion.

• Construction d’un modèle 2D du suivi de l’érosion.

• Illustration de quelques simulations du modèle.

• Simulation concrètre dans une région réelle.

• Calage et validation du modèle.

• Couplage avec les changements climatiques.

Ce travail est réalisé dans le cadre du pro-
jet : PPR2/2016/79, OGI-Env, Soutenu par le
MENFPESRS et le CNRST et le Réseau Interna-
tional Théorie des Systèmes (TDS) soutenu par
l’Académie Hassan II des Sciences et Techniques.

Résultats
Les entrées

Figure 6: Région d’étude

Table 1: Paramètres caractéristiques des sols

Les Sorties

Figure 7: Evolution de l’érosion

Signification des états {0, 1, 2, 3} × {−1, 0, 1}

0 ≡ non saturation et pas d’eau surfacique,
1 ≡ saturation et pas d’eau surfacique,
2 ≡ non saturation et eau surfacique,
3 ≡ saturation et eau surfacique,

-1 ≡ sol érodé,
0 ≡ sol initial,
1 ≡ sol déposé.
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INTRODUCTION
Solving industrial problems using the finite element method usu-
ally leads to the assembly of large systems. This one is all the more
important in a context of multiphysical problems that involve
phenomena complexes of different nature and strongly coupled.
For example, when it comes to the study of the thermo-electro-
mechanical behavior of an electrolysis cell which comprises a mul-
titude of contact interfaces of various behaviors. To solve this kind
of problem, we usually use methods known as domain decom-
position which consists of sharing the domain of computation in
sub-domains and share the calculation task.

OBJECTIVES
Complete gear box (provided by Pratt and Whitney Canada).

Great items (gure provided by Pratt and Whitney Canada).

MATHEMATICAL ANALYSIS

Conventional definition of the contact
interface

Figure 1: geometry of the contact interface

New definition of the contact interface

Figure 2: Geometry of new contact interface

For the figure, it is easy to show that the corresponding linear sys-
tem can be written in the form:
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(1)

• i: represents the internal nodes of the solid excluding the nodes
situated on the slave boundary.

•e: represents the nodes belonging to the slave boundaries.

•m: represents the nodes belonging to the master boundaries.

•Kα
: represents the matrix corresponding to the sub-domain

Ωα, α = A;B.

•∆Uα
: represents the vector of the degrees of freedom of all the

elements of Ωα.

The continuity equation
The continuity equation at the master-master interface γAm− γBm is
written for the discrete case:

{UA
m} − {UB

m} = 0 (2)

The equilibrium conditions
The equilibrium conditions at the master interfaces:

{RA
m} − {RB

m} = 0 (3)

In a resolution context by sub-domains, the relation (??) will be
satisfied by an iterative method. For this purpose, it is assumed
that the resolution on each sub-domain was obtained by assum-
ing a fixed value of {Uα

m} to estimate the displacement of the
slave boundary using the system (??) for a resolution on each sub-
domain:
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[Kα
ee] = [K

S,α
ee ] + [K

C,α
ee ], [Kα

ie] = [K
S,α
ie ] (5)

[K
C,α
ee ] : the terms of the contact tangent matrix for the slave nodes.

Knowing the value of {Uα
e } for each sub-domain, it is possible to

satisfy (3) via an iterative method, that is to obtain a correction to
the solution to the {Uα

m} field by:

{Rm} =
1

2

2∑

α=1

{Rα
m} (6)

{Uα,i+1
m } ≡ {U i+1

m } = {U i
m} + {∆U i

m} (7)

{∆U i
m} = β{UA,i

m } + (1− β){UB,i
m } (8)

{Uα,i
m } = −[KC,α]−1{Rm}, α = A,B (9)

{Rα
m} = [K

C,α
m,e ]{U

α
e } + [K

C,α
m,m]{Uα

m} (10)

[KC,α]−1: correction matrix to be defined.

Definition of the correction matrix at the
interface

The correction matrix at the interface can be defined in various
ways. The following lines present two distinct techniques:
Method 1
the direct method

Method 2
the method based the flexibility of the sub-domains.

APPLICATIONS: ONE-DIMENSIONAL

THERMAL CONTACT
The length of the bars is L = 100 and its section A = 100. The
thermal conductivity is K = 20.

Figure 3: Two bars in thermal contact, geometry of the contact interface

The topology of the global matrix taking
into account the interface
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(11)

Method 1: influence of the constant h

contact conductance Number of iterations
K

10
4

K 19
10*K 154

Method 2: influence of discretization

Number of nodes by subdomain Number of iterations
4 25

10 66
15 101

CONCLUSIONS
• Each sub-domain has a pair of slave and master boundaries

• This approach should reduce the communication time between
the processors during a parallel programming.
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Introduction

Figure 1: Impacts des changements climatiques

• Prédir l’impact du changement clima-
tique sur les ressources en eau

• Suivre l’évoution du cycle de l’eau

• Approche: automate cellulaire

Problématique

Figure 2: Cycle de l’eau simplifié

• Ressources: eau souterraine et surfacique

• Volume : fonction du cycle de l’eau

– gain: précipitation

– perte: évaporation

• Facteurs: milieu physique et contraintes cli-

matiques

Méthodologie

Figure 3: Principe et fonctionalités de l’outil de gestion intégrée de l’environnement

Couplage de l’Automate Cellulaire avec les Changements Climatiques:

Changement climatique:

• Définition: tout changement de climat du-
rant une longue période de temps.

• Paramètres: précipitation et température.

• Scénarios: projection de climat d’un mod-
èle de climat choisi (GCM, RCM, EMICS).

Automates Cellulaires (ACs):

Figure 4: Ensemble des paramètres de l’AC
Couplage de l’AC avec CC:

• Entrée des donnés physiques de terrain.

• Choix de climat de référence.

• Choix de scénarios climatiques.

• Entrée des données climatiques.

• Simulation du cycle de l’eau.

• Sortie des ressources en eau et traitement.

Conclusion et perspectives

• Illustration des impacts de CC sur les ressources en eau

• Couplage avec les changements climatiques (CC)

• Modèle 2D du suivi du cycle de l’eau

• Envasement des barrages (localisation et nature)

• Recharge des nappes (requiert une modélisation 3D)

• Hétérogénéité des sédiments transportés (modélisation 3D)

Ce travail est réalisé dans le cadre du pro-
jet : PPR2/2016/79, OGI-Env, Soutenu par le
MENFPESRS et le CNRST et le Réseau Interna-
tional Théorie des Systèmes (TDS) soutenu par
l’Académie Hassan II des Sciences et Techniques.

Résultats de simulations

Figure 5: Région d’étude

Figure 6: Climat de référence et scénarios

Figure 7: Ressources en eau pessimiste

Figure 8: Ressources en eau optimiste

Figure 9: Comparaison selon 4 scénarios




